We study vacua, walls and three-pronged junctions of mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) for generic N . We review and discuss the on-shell component Lagrangians of the N = 2 nonlinear sigma model on the Grassmann manifold, which are obtained in the N = 1 superspace formalism and in the harmonic superspace formalism. We also show that the Kähler potential of the N = 2 nonlinear sigma model on the complex projective space, which is obtained in the projective superspace formalism, is equivalent to the Kähler potential of the N = 2 nonlinear sigma model with the Fayet-Iliopoulos parameters c a = (0, 0, c = 1) on the complex projective space, which is obtained in the N = 1 superspace formalism. *
Introduction
Topological solitons of supersymmetric theories are Bogomol'nyi-Prasad-Sommerfield (BPS) states, which preserve a fraction of supersymmetry [1] . Walls and junctions preserve 1/2 SUSY [2] and 1/4 SUSY respectively [3] . Potential terms and various wall configurations are discussed in [4, 5, 6, 7, 8] .
The moduli matrix formalism is proposed in [9] to analyse walls in the N = 2 supersymmetric U (N C ) gauge theory. In the strong coupling limit, the model becomes the mass-deformed N = 2 nonlinear sigma model on the Grassmann manifold G N F ,N C , which is defined by G N +M,M = SU (N +M ) SU (N )×SU (M )×U (1) . The N = 2 nonlinear sigma model on the Grassmann manifold with the Fayet-Iliopoulos (FI) parameters c a = (0, 0, c) has a bundle structure so that the model can be parametrised by a field that parametrises the base manifold and a field that parametrises the cotangent space as the fiber [7, 10] . It is shown in [9] that with the FI parameters, only one of the fields in the hypermultiplet contributes to the configuration of vacua and walls. It is also shown that wall solutions are exact in the strong coupling limit. Hermitian symmetric spaces SO(2N )/U (N ) and Sp(N )/U (N ) are quadrics of the Grassmann manifold [11] . Kink solutions are studied in mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) [12, 13, 14, 15] .
Complex mass parameters can be introduced to hypermultiplets of N = 2 nonlinear sigma models in dimensions D ≤ 3+1. We can construct wall junctions, which preserve 1/4 supersymmetry in mass-deformed N = 2 nonlinear sigma models. As only one complex field of the hypermultiplet contributes to vacua, walls and junctions of the mass-deformed N = 2 nonlinear sigma model on the Grassmann manifold with the FI parameters c a = (0, 0, c), mass-deformed nonlinear sigma models, which have junctions, on the Grassmann manifold and the quadrics of the Grassmann manifold can be obtained by either setting the other complex field zero in N = 2 nonlinear sigma models or complexifying mass matrices and adjoint scalar fields in N = 1 nonlinear sigma models [16, 17] .
Junctions of mass-deformed nonlinear sigma models on the complex projective space and on the Grassmann manifold are studied in the moduli matrix formalism [16, 17, 18] . In [17] , three-pronged junctions of the mass-deformed nonlinear sigma model on the Grassmann manifold are constructed by embedding the Grassmann manifold to the complex projective space using the Plücker embedding. In [18] , three-pronged junctions of the mass-deformed nonlinear sigma models on the Grassmann manifold are constructed by utilising diagrams of the pictorial representation, which is proposed in [14] . In [19] , three-pronged junctions of the mass-deformed nonlinear sigma models on SO(8)/U (4) and Sp(3)/U (3) are constructed by the diagram method, which is proposed in [18] .
In this paper, we construct three-pronged junctions of SO(2N )/U (N ) and Sp(N )/U (N ) for generic N as a sequel to [19] . We review and discuss the on-shell component Lagrangians of the N = 2 nonlinear sigma model on the Grassmann manifold obtained in the N = 1 superspace formalism and in the harmonic superspace formalism. We compare the Kähler potentials of the N = 2 nonlinear sigma model on the complex projective space obtained in the N = 1 superspace formalism and in the projective superspace formalism. This paper is organised as follows. In Section 2, we construct mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) by complexifying the mass matrix and the adjoint scalar field of the mass-deformed N = 1 supersymmetric nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) to study vacua, walls and three-pronged junctions. In Section 3, we study three-pronged junctions of mass-deformed nonlinear sigma models on SO(2N )/U (N ) with N = 4m and N = 4m + 1. In Section 4, we study three-pronged junctions of mass-deformed nonlinear sigma models on Sp(N )/U (N ) with N = 4m − 1 and N = 4m. In Section 5, we review and discuss the N = 2 nonlinear sigma models on the Grassmann manifold or the complex projective space. We show that the on-shell component Lagrangian of the nonlinear sigma model on the Grassmann manifold obtained in the harmonic superspace formalism [20, 21] is equivalent to the on-shell component Lagrangian obtained in the N = 1 superspace formalism [10, 22] . We also show that the Kähler potential of the N = 2 nonlinear sigma model on the complex projective space obtained in the projective superspace formalism [23] is equivalent to the Kähler potential of the N = 2 nonlinear sigma model with the Fayet-Iliopoulos parameters c a = (0, 0, c = 1) on the complex projective space obtained in the N = 1 superspace formalism [7, 10] .
Models
Vacua and walls of mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) are constructed in the N = 1 supersymmetric nonlinear sigma models [12, 14, 15] . The bosonic part of the Lagrangian is
with constraints AĀ − cI M = 0,
We follow the convention of [20] . A is an N × 2N matrix field, M is a real-valued 2N × 2N mass matrix, Σ is a real-valued N × N matrix field and A 0 is an N × N matrix field. We diagonalise Σ for later use. We construct the bosonic component Lagrangian of mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ) to study three-pronged junctions. The Lagrangian of the mass-deformed nonlinear sigma model, which has three-pronged junctions, on the Grassmann manifold can be obtained by replacing the mass matrix and the adjoint scalar field of the N = 1 model with a complex valued mass matrix and a complex-valued matrix field [16, 17] . Therefore we can obtain the mass-deformed nonlinear sigma models on SO(2N )/U (N ) and Sp(N )/U (N ), which are quadrics of the Grassmann manifold, by replacing the mass matrix M and the scalar field Σ with a complex valued mass matrix M and a complex-valued matrix field S:
This type of complexification is also considered to construct dyonic configurations with non-parallel charge vectors [13] . It is also shown that the Lagrangian can be derived from a recently proposed nonlinear sigma model [19] . The Lagrangian (2.3) is constrained by (2.2). The complex mass matrix M is a linear combination of the Cartan generators H i , (i = 1, · · · , N ):
The matrix field S can be parametrised by real-valued matrices σ i and τ i , (i = 1, · · · , N ):
The vacuum equations are AM − SA = 0,
The vacua are labelled by
There are 2 N −1 vacua in the mass-deformed nonlinear sigma model on SO(2N )/U (N ) and there are 2 N vacua in the mass-deformed nonlinear sigma model on Sp(N )/U (N ) [12, 14, 15] . In this paper, we consider the following Lagrangian:
where M a and Σ a , (a = 1, 2) are real valued, which are related to M and S by
We investigate the static configurations, which have the Poincaré invariance on the worldvolume: ∂ 0 = ∂ 3 = 0, A 0 = A 3 = 0. The energy density can be calculated from the Lagrangian (2.8). The Bogomol'nyi completion of the energy density produces the BPS equation. The solution to the BPS equation in the moduli matrix formalism is
(2.10)
The matrix H 0 is the moduli matrix. The constraints (2.2) correspond to the following equations:
The worldvolume symmetry is
The first equation in (2.12) and the second equation (2.11) show that the moduli matrices parametrise SO(2N )/U (N ) and Sp(N )/U (N ) respectively [12, 14, 15] . Walls are built from elementary walls, which are identified with scaled simple roots of the global symmetry. The simple root generators and the simple roots are summarised below [13, 24] :
(2.13)
3 Three-pronged junctions of the mass-deformed nonlinear sigma models on SO(2N )/U (N )
Vacua and elementary walls of the mass-deformed nonlinear sigma models on SO(2N )/U (N ) are studied in the pictorial representation [14] . Vacua and elementary walls are presented as vertices and segments of diagrams in the pictorial representation. All the diagrams of vacua and elementary walls are symmetric, although the array of the simple roots depends on the parity of the flavour number. There is a recurrence of a diagram for each N mod 4 in the vacuum structures that are connected to the maximum number of elementary walls. The diagrams are presented in Figure 1 . The vacuum structures are proved by induction. The whole structure of vacua and elementary walls of the mass-deformed nonlinear sigma models on SO(2N )/U (N ) for generic N can be derived from the vacuum structures that are connected to the maximum number of elementary walls. In this section we construct three-pronged junctions from the diagrams (c) and (d) of Figure 1 for generic N .
The vacua are labelled in the descending order [14] :
where the sign ± is + for odd N and − for even N . Let · denote a vacuum, and · ← · or · ↔ · denote a wall.
N = 4m
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear sigma model on SO(2N )/U (N ) with N = 4m, (m ≥ 1). We reduce the model (2.8) by setting M 2 = 0 and Σ 2 = 0 to the model (2.1) to investigate the structure of vacua and elementary walls. The diagram in Figure 2 recurs at the vacua that are connected to the maximum number of elementary walls [14] . [14] . The numbers in brackets indicate the vacuum labels. The numbers without brackets indicate the subscript i's of simple roots α i , (i = N − 3, · · · , N ).
Elementary walls are identified with scaled simple roots g ·←· = 2cα I , (I = 1, · · · , N ) with α I in (2.13), and compressed walls are linear combinations of the scaled simple roots [14, 19] . The single walls of the recurring diagram are derived below:
The moduli matrices for the walls A ← B , B ← C and A ← C can be read from the diagram in Figure 2 :
(3.5)
The wall operators are defined by the simple root generators in (2.13) :
We build three-pronged junctions. We set M 2 = 0 and Σ 2 = 0 and reformulate the diagram in Figure 2 to produce the diagram in Figure 3 . Vertices, segments and triangular faces correspond to vacua, walls and three-pronged junctions. We study the three-pronged junction that divides the vacua { A , B , C }. The relevant components of vacua can be read from the diagram in Figure 2 , the moduli matrices in (3.5) and the wall operators in (3.6) . A vacuum moduli matrix has a nonzero element at either (n, n) or (n, N + n) for each n-th row, (n ≤ N ). E N has nonzero (N − 1, 2N ) and (N, 2N − 1). Therefore the vacuum A should have nonzero components in (N − 1, N − 1) and (N, N ). The operator e e r E N adds (N − 1, 2N ) and (N, 2N − 1) with the opposite signs to A . We can apply the same method to the walls that interpolate vacua { B , C } and { C , A }. We transform the moduli matrices in (3.5) by the worldvolume symmetry transformation (2.12) to produce generic wall solutions. The relevant elements of the moduli matrices for A ↔ B , B ↔ C and C ↔ A are listed below:
The first superscript is the row number and the second superscript is the column number.
The wall solutions are obtained by the relation (2.10). The relevant elements of the walls are presented in Appendix A.
The walls are located at the positions where the real parts of the elements with the same colour number are equal. The position of
Only one of the parameters a N −1;I , (I = N −1, 2N ) is independent since the moduli matrices in (3.7) have the worldvolume symmetry (2.12).
Only one of the parameters a N −2;I ,
Only one of the parameters a N −2;I , (I = N − 2, 2N ) is independent. There is a condition:
Therefore there are only two independent parameters to specify the junction position as expected. The position of the junction that divides { A , B , C } is calculated from (3.11), (3.13) and (3.15) :
The solution (3.17) is constrained by (3.16).
N = 4m + 1
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear sigma model on SO(2N )/U (N ) with N = 4m + 1. The structure of vacua and walls can be analysed in the reduced mass-deformed model with M 2 = 0 and Σ 2 = 0.
There is a recurrence of the diagram in Figure 4 at the vacua that are connected to the maximum number of elementary walls [14] . The single walls that interpolate the vacua Figure 4 : Vacua and elementary walls of the mass-deformed nonlinear sigma model on SO(2N )/U (N ), N = 4m+1 [14] . The numbers in brackets indicate the vacuum labels. The numbers without brackets indicate the subscript i's of simple roots α i , (i = N − 4, · · · , N ).
{ H , K , L , M , P , Q , R } can be derived from the diagram in Figure 4 : The moduli matrices for H ← L , L ← P and H ← P are
We build three-pronged junctions. We set M 2 = 0, Σ 2 = 0 and reformulate the relevant part of the diagram in Figure 4 to yield the diagram in Figure 5 . Vertices, segments and triangular faces correspond to vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua { H , L , P }. We apply the worldvolume symmetry transformation to the single walls in (3.24) to produce generic wall solutions:
The wall solutions are obtained by the relation (2.10). The relevant elements of the walls are presented in Appendix B.
The wall positions are computed by equalising the real parts of the flavour numbers for each colour number. The position of H ↔ L is
One of the parameters a N −4:
There is a consistency condition:
Therefore two independent parameters describe the junction position. The position of the junction that divides { H , L , P } is 4 Three-pronged junctions of mass-deformed nonlinear sigma models on Sp(N )/U (N )
Vacua and elementary walls of mass-deformed nonlinear sigma models on Sp(N )/U (N ) are studied in the pictorial representation [15] . All the diagrams of vacua and elementary walls are symmetric. There is a recurrence of a diagram for each N mod 4 in the vacuum structures that are connected to the maximum number of elementary walls. The vacuum structures are proved by induction. The diagrams are presented in Figure 6 . The whole structure of vacua and elementary walls of the mass-deformed nonlinear sigma models on Sp(N )/U (N ) for generic N can be derived from the vacuum structures that are connected to the maximum number of elementary walls.
In this section we construct three-pronged junctions from the diagrams (c) and (d) of Figure 6 for generic N . The vacua are labelled in the descending order [15] :
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear sigma model on Sp(N )/U (N ) with N = 4m − 1, (m ≥ 1). We reduce the model (2.8) by setting M 2 = 0 and Σ 2 = 0 to investigate the structure of vacua and elementary walls. The diagram in Figure 7 recurs at the vacua that are connected to the maximum number of elementary walls [15] . Elementary walls are identified with scaled simple roots g ·←· = 2cα i , (i = 1, · · · , N − 1) and g ·←· = cα N . Compressed walls are linear combination of the scaled [14] . The numbers in brackets indicate the vacuum labels. The numbers without brackets indicate the subscript i's of simple roots α i , (i = N − 2, · · · , N ). simple roots [15, 19] . The single walls of the recurring diagram are derived below:
The moduli matrices for A ← B , B ← C and A ← C can be read from the diagram in Figure 7 : The wall operators are defined by the simple root generators in (2.14) :
The wall operator of A ← C is defined by a multiple commutator since the sector involves the summation of unequal length vectors. We construct three-pronged junctions. We set M 2 = 0 and Σ 2 = 0 and reformulate the diagram in Figure 7 to yield the diagram in Figure 8 . Vertices, segments and triangular faces correspond to vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua { A , B , C }. We transform the moduli matrices in Therefore there are only two independent parameters to specify the junction position. The position of the junction that divides { A , B , C } is calculated from (4.7), (4.8) and (4.9):
The solution (4.11) is constrained by (4.10).
N = 4m
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear sigma model on Sp(N )/U (N ) with N = 4m. The structure of vacua and walls can be analysed in the reduced mass-deformed model with M 2 = 0 and Σ 2 = 0. There is a recurrence of the diagram in Figure 9 at the vacua that are connected to the maximum number of elementary walls [15] . The single walls that interpolate the vacua { H , K , L , M , P , Q , R } are derived from the diagram in Figure 9 : [14] . The numbers in brackets indicate the vacuum labels. The numbers without brackets indicate the subscript i's of simple roots α i , (i = N − 3, · · · , N ).
The moduli matrices for H ← L , L ← P and H ← P are
The wall operators are defined by the simple root generators in (2.14) :
We build three-pronged junctions. We set M 2 = 0, Σ 2 = 0 and reformulate the relevant part of the diagram in Figure 9 to yield the diagram in Figure 10 . Vertices, segments and triangular faces correspond to vacua, walls and three-pronged junctions. We study the three-pronged junction that divides the vacua { H , L , P }. We apply the worldvolume symmetry transformation to the single walls in (4.15) to produce generic wall solutions: 
One of the parameters a N −2;I ,
One of the parameters a N −3;I , (I = N − 3, N − 1) is independent.
Therefore two independent parameters describe the junction position. The position of the junction that divides { H , L , P } is
The solution (4.24) is constrained by (4.23).
The sector { H , L , P }, which consists of equal length simple roots, of the recurring diagram in Figure 9 of the mass-deformed nonlinear sigma models on Sp(N )/U (N ) with N = 4m have the same structure as the sector { H , L , P } of the recurring diagram in Figure 4 of the mass-deformed nonlinear sigma models on SO(2N )/U (N ) with N = 4m+1.
N = 2 nonlinear sigma models on the Grassmann manifold
In this section, we review and discuss the N = 2 nonlinear sigma models on the Grassmann manifold written in the N = 1 superspace formalism [10, 22] , in the harmonic superspace formalism [20, 21] and in the projective superspace formalism [23] . We show that the onshell component Lagrangian of the mass-deformed nonlinear sigma model on the Grassmann manifold that is obtained in the harmonic superspace formalism is equivalent to the on-shell component Lagrangian that is obtained in the N = 1 superspace formalism. We also show that the potential of the nonlinear sigma model on the complex projective space that is obtained in the projective superspace formalism is equivalent to the potential with the FI parameters c a = (0, 0, c = 1) that is obtained in the N = 1 superspace formalism. In Section 5.1, we review the N = 2 nonlinear sigma model on the Grassmann manifold obtained in the N = 1 superspace formalism. In Section 5.2, we review the nonlinear sigma model on the Grassmann manifold obtained in the harmonic superspace formalism and show that the on-shell component Lagrangian is equivalent to the on-shell component Lagrangian that is obtained in the N = 1 superspace formalism. In Section 5.3, we compare the potential of the complex projective space that is obtained in the projective superspace formalism with the potential that is obtained in the N = 1 superspace formalism and show that they are equivalent.
N = 1 superspace formalism
The N = 2 nonlinear sigma model on the Grassmann manifold is studied in the N = 1 superspace formalism in [7, 10, 22] . The mass-deformed nonlinear sigma model is
We follow the convention of [20] . We study the action (5.1) in terms of component fields. The superfields are expanded as follows:
, (i = 1, · · · , N + M ; A = 1, · · · , M ).
(5.
2)
The auxiliary fields are solved as Then the action (5.1) becomes
with the covariant derivatives defined by
It is shown in Section 5.2 that the on-shell component action (5.4 ) is equivalent to the onshell component action, which is obtained from the action that is written in the harmonic superspace formalism [7, 20, 21] . We consider the massless case of the action ( The constraint (5.8) can be solved for b = 0 case or b = 0 case with proper gauge fixing. The two cases can be transformed to each other by SU (2) R transformations, which do not preserve the holomorphy [7, 10] . We consider the parametrisation, which is discussed in [7] :
The potential (5.9) with the parametrisation (5.10) is obtained in [7] : It is shown in Section 5.3 that for M = 1, which corresponds to the complex projective space, and c = 1 the potential (5.12) is equivalent to the potential that is obtained in the projective superspace formalism [23] .
Harmonic superspace formalism
The nonlinear sigma model on the Grassmann manifold is constructed in [20, 21] . The component Lagrangian is also studied in [7] . We review the nonlinear sigma model and present the component action in this section. We follow the convention of [20] . The action is defined in the analytic superspace:
We omit the subscript A of D ++ A and x A , which stands for the analytic basis, through this paper. Field φ + is an M × (N + M ) matrix and field V ++ is an M × M matrix. The coefficient ξ ++ = ξ (ij) u + (i u + j) is the set of FI parameters. The harmonic variables u + i , u − i are defined [20] by 14) and the integrals of products are
The conjugation is the product of the ordinary complex conjugation and the antipodal map. The conjugation acts on the coefficients in the harmonic expansions, on the superspace coordinates in the central basis and on the harmonics as follows:
The fields and the operator expand as follows:
The vector field V ++ in (5.17) is in the Wess-Zumino gauge. The derivatives defined in the extra dimensions are replaced by
where m and m * are complex mass parameters for each field. The equation of motion of (5.13)
produces the following equations: 20) and the following equations:
The matrices M andM are the mass matrix and the conjugate transpose of it of which the elements are (5.18) . The equations in (5.20) eliminate the auxiliary fields in the harmonic expansions. The equations are solved by
The equations in (5.21) not only eliminate the auxiliary fields in the harmonic expansions but also put the physical fields on shell. The on-shell component field action of the N = 2 nonlinear sigma models of the Grass-mann manifold is derived by substituting the physical fields in (5.22) to the action (5.13):
The action (5.23) and the action (5.4) are equivalent. They are related by the following equations:
(5.25)
Projective superspace formalism
The Kähler potential of the N = 2 nonlinear sigma model on the Grassmann manifold G N +M,M , which is obtained in the projective superspace [23] , is (5.28) 
